Integer Linear Programming
CSCI 532




If you had the integer hull, Simplex || x1,x; €N
X2 would easily find the optimum. Objective: ~ max 5x; + 8x,
Calculating the integer hull is Subjectto:  x; +x, <6

usually harder than solving the ILP. 5x1 + 9x; < 45

Minimal convex hull (integer hull):

* Convex.

* |ocal optimum = global
optimum.

. O(nld/zj) faces,

n = # points
d = # dimensions




ILP vs LP

x; € {0,1} = Indicates if vertex i is selected. x; € [0,1] = Indicates if vertex i is selected.
Objective: min}}; x; Objective: min}}; x;
Subject to:  x; + x; = 1, for each edge e = (i, ) Subject to: x; + x; = 1, for each edge e = (i, )
Optimal: Optimal:

x1 — O x1 — 05

xZ — 1 xZ - 05

X3 — 1 X3 —_ 05

X4_ — 1 X4_ — 05

Xg = 0 Xg = 0.5

Objective = 3 Objective = 2.5

Since the LP has more options to reduce the objective value, OPT;p < OPTy;p
(for a minimization problem). If the minimum objective value comes from an
integer solution, a plain LP solver (e.g., Simplex) will find it.



, 2. Solve relaxed LP. Suppose the optimal objective is
Solvi Nng ILPs 100 with a fractional solution (e.g. some x; = 3.24).

3. Formulate two new LPs. One with
x; = 4 and the other with x; < 3

ILP |x€Z->x€ER LP Relaxation

K 1. Relax ILP x € R, 0bj=100 ;1 straints.

Maximization 4. Solve subproblem LPs.

UB = 90 subproblem 1 subproblem 2 5. Formulate two new LPs

LB =90 X € R, obj =98 X € 7,0bj =90 that split the subproblem on

/\ f some non-integer variable.
Optimal

_— subproblem 1.2 6. Solve the subproblem LPs.
x € R, obj=8 X € R, obj =97 /. Repeat.

/\

x € R, obj=85 X € Z,0bj=8



Total Unimodularity

Definition: A matrix is totally unimodular if the determinant of any
square submatrix of itis 0, 1, or -1.

This implies that totally unimodular matrices
are composed of only 0’s, 1’s, and -1’s, since
single elements are square submatrices.

It also means that if A is totally unimodular, AT
is too, since det(B) = det(BT).



Total Unimodularity

Definition: A matrix is totally unimodular if the determinant of any
square submatrix of itis 0, 1, or -1.

Theorem (Hoffman-Kruskal, 1956):
A € RMXN i The feasible region:
< {x €R""Ax < b,x = 0} has

totally unimodular _ _
integer vertices Vb € Z™.

Theorem (Ghouila-Houri, 1962):
For every subset of rows R, there is a partition

A € RMXN s R = R; U R, such that for every column j,
_ —
totally unimodular Z Ajj — Z Ajj € {—1,0,1}

(ER, (ER,



Vertex Cover

x; € {0,1} = Indicates if vertex i is selected. Objective: max ¢’
Objective: min );; x; Subject to: Apx @b
Subjectto: x; + xj®1‘,‘f0‘r’each edge e = (i,)) x=0

Theorem (Ghouila-Houri, 1962):
For every subset of rows R, there is a partition

A € RMXN s R = R, U R, such that for every column j,
_ &
totally unimodular Z Ajj — Z Ajj € {—1,0,1}

(ER, (ER,



Vertex Cover

x; € {0,1} = Indicates if vertex i is selected.

Objective: min );; x;

Subject to: x; +x; = 1, for each edge e = (i, )

o O O B -k

Objective: maxc'x
Subjectto: Ax<b
x=0
X2 X3 X3 X5 Xg

o O O O k=
O B KRB L O
o O ~» O O

= = O O O
R O O O O




Total Unimodularity

It also means that if A is totally unimodular, AT
is too, since det(B) = det(BT).



Vertex Cover

o O O Fr -k

o O O O ¥

O B KRB L O

o O » O O

L » O O O

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

> A= ) Aye(-101)

{ER4 (ER,

o O O r»r O -
o O +—» +—» O O
o +»r O +»r O O



Vertex Cover

f
X1 1 1 0 O
x, | 1 0 0 o0
x| 0 1 1 1
 x, | O 0 1 o0
xs | 0 0 0 1
xs | 0 0 0 O

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

> A= ) Aye(-101)

{ER4 (ER,



Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = Ry U R, such that for every column j,
e, €, ez e, e
ST T T 2 Ajj — 2 A;; €{-1,0,1}
X1 1 1 0 0 O {ER4 iER,
Xy 1 0 0 0 O
x| 0 1 1 1 o0 Label alternating generations of vertices
~ x|l 0o 0o 1 0 o into two sets B and G.
X5 o 0 0 1 1
Xg O 0 0O 0 1




Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = Ry U R, such that for every column j,
e, €, ez e, e
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X1 1 1 0 0 O {ER, i€ER,
Xy 1 0 0 0 O
x| 0 1 1 1 o0 Label alternating generations of vertices
~ x|l 0o 0o 1 0 o into two sets B and G.
X5 o 0 0 1 1
Xg O 0 0O 0 1




Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = Ry U R, such that for every column j,
e, €, ez e, e
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X1 1 1 0 0 O {ER, i€ER,
X2 1 0 0 0 O
x| 0 1 1 1 o0 Label alternating generations of vertices
~ x|l 0o o 1 0 o into two sets B and G.
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Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = Ry U R, such that for every column j,
e, €, ez e, e
PR 2 Ajj — 2 A;; €{-1,0,1}
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Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = Ry U R, such that for every column j,
e, €, ez e, e
PR 2 Ajj — 2 A;; €{-1,0,1}
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Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

Vertex Cover unimodular & For every subset of rows R, there is a

partition R = R; U R, such that for every column j,
e e, ez e, e

IR zAij—EAije{—1,o,1}
X1 1 1 0 0 O {ER, i€ER,
x2b1 1 0 0 O O
T x| 0 1 1 1 0 Label alternating generations of vertices
A = x| 0o 0o 1 0 o into two sets B and G.

xs | 0 0 0 1 1
X, | 0 0 0 0 1

What can we observe about a single column in terms of
0/1 values and B/G labels?



Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

Vertex Cover unimodular & For every subset of rows R, there is a

partition R = R; U R, such that for every column j,
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What can we observe about a single column in terms of
0/1 values and B/G labels?

Each column has exactly two 1’s (edges are formed by
exactly two vertices)



Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

Vertex Cover unimodular & For every subset of rows R, there is a

partition R = R; U R, such that for every column j,
e e, ez e, e

IR zAij—EAije{—1,o,1}
X1 1 1 0 0 O {ER, i€ER,
x2b1 1 0 0 O O
T x| 0 1 1 1 0 Label alternating generations of vertices
A = x| 0o 0o 1 0 o into two sets B and G.

xs | 0 0 0 1 1
X, | 0 0 0 0 1

What can we observe about a single column in terms of
0/1 values and B/G labels?

Each column has exactly two 1’s (edges are formed by
exactly two vertices) with exactly one B and one G labeled
vertex (generations don’t overlap).



Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = Ry U R, such that for every column j,
e, €, ez e, e
PR 2 Ajj — 2 A;; €{-1,0,1}
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Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,
e e e e e
PR 2 Ajj — 2 A;; €{-1,0,1}
X1 1 1 0 0 O {ER, i€ER,
x» | 1 0 0 0 o0
x| 0 1 1 1 o0 Label alternating generations of vertices
= w10 0o 1 0 o into two sets B and (. Consider a subset
x=| 0 0o 0 1 1 of rows of AT,
x| 0 0 0 0 1




Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,
e e e e e
PR 2 Ajj — 2 A;; €{-1,0,1}
X1 1 1 0 0 O {ER, i€ER,
x| 1 0 0 0 o0
x| 0 1 1 1 0 Label alternating generations of vertices
= w| o o 1 0 o into two sets B and (. Consider a subset
x| 0o o 0o 1 1 of rows of A'. Partition R into R =RnN
x| 0o o o o 1 BandR, =RNAG.




Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

Vertex Cover unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,
e e e e e
IR zAij—EAije{—1,o,1}
X1 1 1 0 0 O {ER, i€ER,
x» | 1 0 0 0 O
T x| 0 1 1 1 0 Label alternating generations of vertices
A = x| 0o 0o 1 0 o into two sets B and (. Consider a subset
x=] 0 0 0 1 1 of rows of A'. Partition R into Ri=RnN

Each column has exactly two 1’s
(edges are formed by exactly
two vertices) with exactly one B
and one G labeled vertex
(generations don’t overlap).



Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

Vertex Cover unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,
e e e e e
IR zAij—EAije{—1,o,1}
X1 1 1 0 0 O {ER, i€ER,
x| 1 0 0 0 o0
T x| 0 1 1 1 0 Label alternating generations of vertices
A = x| 0o 0o 1 0 o into two sets B and (. Consider a subset
x=] 0 0 0 1 1 of rows of A'. Partition R into Ri=RnN
BandR, =RNAG.
% |\ 0 0 0 0 1

For any column of AT, which corresponds to an edge e,



Vertex Cover

-
X1 1 1 0 O
X5 1 0 0 O
AT X3 O 1 1 1
X4 O 0O 1 o0
X O 0 0 1
X6 \_ O 0 0 o

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — Z A;; €{—1,0,1}

0) i€ER4 iER,

0

0 Label alternating generations of vertices
0 into two sets B and G. Consider a subset
1 of rows of A'. Partition R into R, =RnN
1 BandR, =RNAG.

For any column of AT, which corresponds to an edge e,

Z A,, =7 For a fixed column e, how many
VER, B labeled vertices are there?



Vertex Cover

(
X1 1 1 0 0
x|l 1 0 0 o0
AT x> 0 1 1 1
 x, | O 0 1 0
x| 0 0 0 1
% \ (0 0 0 0

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — Z A;; €{—1,0,1}

{ER4 (ER,

into two sets B and G. Consider a subset

of rows of A'. Partition R into R, =RnN
BandR, =RNAG.

0)
0
0 Label alternating generations of vertices
0
1
1

For any column of AT, which corresponds to an edge e,

Z Ay €1{0,1} For a fixed column e, how many
VER, B labeled vertices are there?



Vertex Cover

(
X1 1 1 0 0
x|l 1 0 0 o0
AT x> 0 1 1 1
 x, | O 0 1 0
x| 0 0 0 1
% \ (0 0 0 0

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — Z A;; €{—1,0,1}

{ER4 (ER,

into two sets B and G. Consider a subset

of rows of A'. Partition R into R, =RnN
BandR, =RNAG.

0)
0
0 Label alternating generations of vertices
0
1
1

For any column of AT, which corresponds to an edge e,

Z A,. €{0,1} and Z Ape = 7 For a fixed column e, how many

VER, VER,

G labeled vertices are there?



Vertex Cover

(
X1 1 1 0 0
x|l 1 0 0 o0
AT x> 0 1 1 1
 x, | O 0 1 0
x| 0 0 0 1
% \ (0 0 0 0

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — Z A;; €{—1,0,1}

{ER4 (ER,

into two sets B and G. Consider a subset

of rows of A'. Partition R into R, =RnN
BandR, =RNAG.

0)
0
0 Label alternating generations of vertices
0
1
1

For any column of AT, which corresponds to an edge e,

Z A,, €{0,1} and Z A,, €{0,1} For a fixed column e, how many

VER, VER,

G labeled vertices are there?



Vertex Cover

-
X1 1 1 0 O
X5 1 0 0 O
AT X3 O 1 1 1
X4 O 0O 1 o0
X O 0 0 1
X6 \_ O 0 0 o

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — 2 A;; €{—1,0,1}

0) i€ER4 iER,

0

0 Label alternating generations of vertices
0 into two sets B and G. Consider a subset
1 of rows of A'. Partition R into R, =RnN
1 BandR, =RNAG.

For any column of AT, which corresponds to an edge e,

Z A, €{01} and Z A, €{01) = z A,, — z A,, = ?

VER, VER,

UERl UERZ



Vertex Cover

-
X1 1 1 0 O
X5 1 0 0 O
AT X3 O 1 1 1
X4 O 0O 1 o0
X O 0 0 1
X6 \_ O 0 0 o

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — 2 A;; €{—1,0,1}

0) i€ER4 iER,

0

0 Label alternating generations of vertices
0 into two sets B and G. Consider a subset
1 of rows of A'. Partition R into R, =RnN
1 BandR, =RNAG.

For any column of AT, which corresponds to an edge e,

Z A,, €{0,1} and Z A,, €{01} = z Ayy — z A, €{-1,0,1}

VER, VER,

UERl UERZ



Vertex Cover

-
X1 1 1 0 O
X5 1 0 0 O
AT X3 O 1 1 1
X4 O 0O 1 o0
X O 0 0 1
X6 \_ O 0 0 o

For any column of AT, which corresponds to an edge e,

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — Z A;; €{—1,0,1}

{ER4 (ER,

into two sets B and G. Consider a subset
of rows of A'. Partition R into R, =RnN

0)
0
0 Label alternating generations of vertices
0
1
1

BandR, =RNAG.
~ Therefore, AT (and

thus A) is totally
unimodular.

Z A,, €{0,1} and Z A,, €{01} = z Ayy — z A, €{-1,0,1}

VER, VER,

VERl UERZ



Vertex Cover

f
X1 1 1 0 0
x|l 1 0 0 o0
AT x> 0 1 1 1
 x, | O 0 1 0
x| 0 0 0 1
% \ (0 0 0 0

For any column of AT, which corresponds to an edge e,

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — 2 A;; €{—1,0,1}

{ER4 (ER,

x; € {0,1} = Indicates if vertex i is selected.

Subject to: x; + x]@l for each edge e = (i, )

- max c' x

&

x=>0

Objecti

0
0
0 Objective: min ); x;
0
1
1 J Subject to:

Z A,, €{0,1} and Z A,, €{01} = z Ayy — z A, €{-1,0,1}

VER, VER,

UERl UERZ



LP Standard Form

Every LP can be turned into standard form.
1.

3.

4.

Objective: max 100x; + 300x,
Subject to: x; < 30

Xy, < 20

x1 +x, <40

X1,Xy = 0

(o)) (o)
N\

Objective: max T K
Subjectto:Ax<Db
/x20\

¢ ()

Minimization — Maximization: Multiply objective coefficients by -1.

min ax; + fx, = max —ax,
> Constraints = <: Negate inequality.
X1+ Xy 2a—>—x1—x2 < —«a

Equality Constraints —» <:7?

Unrestricted sign x; - x; = 0:

— Bx;



Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

Vertex Cover unimodular < For every subset of rows R, there is a
partition R = R; U R, such that for every column j,
e e, €3 e, e
o ez e e zAij—EAije{—1,o,1}
x| -1 -1 0 0 O LER4 [ER;
x,1 -1 0 0 0 O x; € {0,1} = Indicates if vertex i is selected.
AT — x310 -1 -1 -1 0 Objective: min }}; x;
x4 1 0 0 -1 0 O Subject to: x; + x]@l for each edge e = (i, )
X5 0) -1 -1 .
ObjecCtive:,_max c' x
-1
X6 & 0 0 00 J Subject to: @
x =0

For any column of AT, which corresponds to an edge e,

Z A,, €{0,1} and Z A,, €{01} = z Ayy — z A, €{-1,0,1}

VER, VER, VER, VER,
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Z A, € {—1,0} and z A,, €{01} = z Ayy — z A, €{-1,0,1}
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Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

Vertex Cover unimodular < For every subset of rows R, there is a
partition R = R; U R, such that for every column j,
e e, €3 e, e
o ez e e zAij—EAije{—1,o,1}
x| -1 -1 0 0 O LER4 [ER;
x,1 -1 0 0 0 O x; € {0,1} = Indicates if vertex i is selected.
AT — x310 -1 -1 -1 0 Objective: min }}; x;
x4 1 0 0 -1 0 O Subject to: x; + x]@l for each edge e = (i, )
X5 0) -1 -1 .
ObjecCtive:,_max c' x
-1
X6 & 0 0 00 J Subject to: @
x =0

For any column of AT, which corresponds to an edge e,

Z A, € {—1,0} and Z A,, €{-1,0} = z Ayy — z A, €{-1,0,1}

VER, VER, VER, VER,



Vertex Cover

x; € {0,1} = Indicates if vertex i is selected. Objective: max ¢’

Objective: min );; x; Subjectto: Ax<b
x=0

Subject to: x; +x; = 1, for each edge e = (i, )

Theorem (Hoffman-Kruskal, 1956):
A € RM*N s The feasible region:
<~ {x€R""Ax < b,x = 0} has

totally unimodular _ _
integer vertices Vb € Z™.

~. The Vertex Cover ILP will be solved in
polynomial time when the graph is a tree.



Vertex Cover

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — Z A;; €{—1,0,1}

(
X1 1 1 0 0 O {ER, i€ER,
x» ] 1 0 0 0 O
T x| 0 1 1 1 0 Label alternating generations of vertices
Al = x| o 0o 1 0 o into two sets B and G. Consider a subset
x| 0 0 0 1 1 of rows of A'. Partition R into Ri=RnN
For any column of AT, which corresponds to an edge e, Does this work

for any other
Z Ave € {0,1} and Z Ave € {0,1} = 2 Ave — z Ave € {_1,0,1} Specialgraphs

VER, VER,

VER, VER, beyond trees?




Vertex Cover

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

s ~ 2 Aij — Z A;; €{—1,0,1}

(
X1 1 1 0 0 O {ER, i€ER,
x» |1 1 0 0 0 o0 Bipartitie!
T x| 0 1 1 1 0 Label alternating generations of vertices
A" = x| o 0o 1 0 o into two sets B and G. Consider a subset
x| 0 0 0 1 1 of rows of A'. Partition R into Ri=RnN
For any column of AT, which corresponds to an edge e, Does this work

for any other
Z Ave € {0,1} and Z Ave € {0,1} = 2 Ave — z Ave € {_1,0,1} Specialgraphs

VER, VER,

VER, VER, beyond trees?




Vertex Cover

x; € {0,1} = Indicates if vertex i is selected.

Objective: min );; x;

Subject to: x; + x; = 1, for each edge e = (i, j)

But they all use General Graphs: NP-Hard
the same ILP! Trees: O(n)
Bipartite: Polynomial



Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

> A= ) Aye(-101)

i{€ER4 i€R,

(General Graph)




Vertex Cover
(General Graph)

X1 X2

e, (1 1

e, |1 O

= e3 |0 1
e, |10 1

es \O0 O

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

> A= ) Aye(-101)

i€R, i€R,
X3 Xg4
0 0)
0 1
1 0
0 1
11



Vertex Cover
(General Graph)

O R R O K

Theorem (Ghouila-Houri, 1962): A € R™*™ js totally
unimodular & For every subset of rows R, there is a
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Theorem (Ghouila-Houri, 1962): A € R™*™ js totally

\/e rteX COve I unimodular & For every subset of rows R, there is a
partition R = R; U R, such that for every column j,

> A= ) Aye(-101)

(ER; i€ER,

(General Graph)

) Where is the contradiction

e- 1 0 O O b Ghouila-H 5
T R wit ouila-Houri
0O 1 0 1 x1 and x, have to be on
€1 1 o0 1 1 different sides of the
~

partition.

No such partition

exists, so AT and
A are not totally
unimodular.

Ry = {x1,%4} | column e, Ri= {x1} Column e,
R, = {xz} sums to 2. R, = {xz,x4} sums to -2.
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R"™|Ax < b,x = 0} has integer vertices Vb € Z™.

Total unimodularity is not the only route to an integer-vertexed feasible region.
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Final Notes totally unimodular & The feasible region: {x €
R"™|Ax < b,x = 0} has integer vertices Vb € Z™.
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Final Notes totally unimodular & The feasible region: {x €
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) ) X1,X, € Z r )
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N Objective: minx; + x5 1 -1
\/ Subjectto:x; +x, <1 1 0
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) ) X1,X, € Z r )
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1 2 = Objective: minx; + x5
} ‘ Cz 1 -1
\/ Subjectto:x; +x, <1 A= 1 0
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0 2
Non-totally
X2 Unimodular X; X,
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Vertices Subject to: x1 + x5 i (1) A= cz| -1 O
X X1 — Xy <
0 1N 27 T |l 0 -1
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@ Circuit Value Problem: When the gates
are evaluated, is the output true?

x; = gate’s evaluated value
Objective: min O
@ @ Subjectto:  x; € {0,1}
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@ Circuit Value Problem: When the gates
are evaluated, is the output true?

x; = gate’s evaluated value
Objective: min 0
@ @ Subjectto:  x; € [0,1]

(o)) o] -
TN I

< x]
Will answer be an integer? X; 2 xk i S X
Yes! Input are integers and Xi = Xj + Xg xi = Xj + x — 1

constraints keep them integers.
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polynomial time.



SUBSET — SUM

Claim: SUBSET — SUM = {(S,t):S = {x4, ..., x,},and there
exists some {y4, ..., iy} € S such that ), y; =t} € NP.

Example:
({4,11,16,21,27},25) € SUBSET — SUM since4 + 21 = 25

({1,2,3},10) € SUBSET — SUM, since no subsets sum to 10.



SUBSET — SUM

Claim: SUBSET — SUM = {(S,t):S = {x4, ..., x,},and there
exists some {y4, ..., iy} € S such that ), y; =t} € NP.

Proof:

Solver: Is (S, t) € SUBSET — SUM?
Verifier: Is (S, t) € SUBSET — SUM, given a candidate solution?

Set of numbers. J
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Proof: Build a polynomial time verifier.
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exists some {y4, ..., iy} € S such that ), y; =t} € NP.

Proof: Build a polynomial time verifier.

On input ((S, t), C), where C is a collection of numbers
1. Test if every element from C is in S.
2. Test if the sum of C is t.

3. If both pass, accept. Otherwise, reject.




SUBSET — SUM

Claim: SUBSET — SUM = {(S,t):S = {x4, ..., x,},and there
exists some {y4, ..., iy} € S such that ), y; =t} € NP.

Proof: Build a polynomial time verifier.

On input ((S, t), C), where C is a collection of numbers
1. Test if every element from C is in S.
2. Test if the sum of C is t.

3. If both pass, accept. Otherwise, reject.

Verified in O(n) time, therefore SUBSET — SUM € NP.
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Pvs NP

gE—

P is the set of problems that are
P — solvable by an algorithm whose
running time is polynomial time.

NP Set of problems that are verifiable in
polynomial time.

How does P
@, Ve,
NP P=NP




NP Set of problems in NP whose algorithms
can solve any other problem in NP with
Complete

polynomial extra time.
NP —
Complete
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